The following are equivalent.
(1) A YE%( A V) (2) Ext* (Λ //, Y) = 0 for all 0 =i k < n and for all I E REMARK.
If 3~ is a TTF class and T is the smallest element in f(9~) then (2) may be replaced by Ext*(Λ/Γ, Y) = 0 for all OS k < n.
Proof. By [14, Proposition 2.8 
] YeS>,( A V)=^ if and only if Hom(A//, Y) = 0for all / G f{3~). For n > 1, Ye @ n ( A V) if and only if there is an exact sequence
where M is a direct product of copies of V and N E 3) n _,( A V). The result follows by an easy induction.
Let P A be projective with trace ideal T (see [1] ) and B = End(P A ). Proof. The proofs of (1) <£> (2), (1) Φ> (3), and (1) <=> (4) where U is a direct sum of copies of P and K E ^^(PΛ).
The functors F = P (g) Λ ( ):
If P A is finitely generated projective it is well known that A P* = Hom(P, A) is finitely generated projective and that T is also the trace ideal of A P*. In this case P (g) Λ X = Hom Λ (P*,X); hence J F = { Λ X|Hom(P*,X) = 0} and <β F = c β 1 ( A P*). Thus T is in both c β ι (P A ) and i^P*). The following theorem may be of independent interest. THEOREM 1.2. For P A finitely projective with trace ideal T, T E
<€ n (P A ) if and only if TE<β n ( A P*).
Proof For fc^l we have that Tor k (Γ,A/Γ) = Tor k+1 (A/Γ, A/T) = Tor* (A/T,T). The result follows by Lemma 1.1* and the above remarks.
The right derived functors for a hereditary torsion class 3~ C A M are discussed in [4] . These derived functors are given by R%(X)= ί(X),
R)r(X)= t(E(X)/X)/t(E(X)) + X/X, and R$(
It is easy to see that i?V(X) = 0 for all XEl The reader is referred to [16] for further information pertinent to our discussion. The ring A is said to have ίf-gl.dim.A ^n provided Rγ\X) = 0 for all XE Λ^.
Let 3~ C A M be a TTF class with T = c(Λ). The following lemma is an easy consequence of the fact that t(X) = Hom(Λ/Γ, X) for any module A X. LEMMA Throughout the remainder of this paper, unless otherwise noted, P A will be a finitely generated projective A -module with trace ideal T and B = End(P Λ ). The notation used for the two TTF theories given by P A will be that developed in §1. The purpose of this section is to discuss the next higher dimensional situation for these TTF theories; i.e., to investigate 3) 2 ( A V)= 9 3 ( A V), 5>gl.dim.A ^ 1, and their duals.
Let SΓ C A M be a TTF class with T the smallest element inf(SΓ). For a module
The first two conditions of the following theorem are equivalent for an arbitrary hereditary torsion theory (this is essentially [8, Corollary 2.3a] ). The first three conditions are equivalent for any TTF-theory. (1)
Given any torsionfree 3~F-injective module A X and any epimorphism θ:
Proof By [6, Theorem 4.5] (2) is equivalent to the localization functor Loj (here 2f = 3~F) being exact (see [14] for a discussion of L^). Using Lemma 1.1 it is easy to see that 2 2 
( A V) = 2) 3 ( A V) if and only if E(M)IM
is 5~F-injective for all torsionfree ίf F -injective modules M. Thus the equivalence of (1) and (2) follows by [8, Corollary 2.3a] . The equivalence of (2) and (4) follows since for 3~ = £Γ F , L T ( A M) = Hom β (F, P 0M) [3, Proposition 1.6] , and P0 A Hom β (F, -) is naturally equivalent to the identity functor on B Jί. That (3) => (1) follows by Lemma 1.1. We will not prove (2) φ (3), but will prove its dual below.
The following provides the dual result. We call a module X J-projective provided Ext ] (X, M) = 0 for all M G ST. (2) Given any 9~H-projective module X A G ^H and any monomor-
REMARK.
The equivalence of (1) through (3) remains valid in the case that P A is not finitely generated. Thus if A is left semihereditary, Now γ is one-to-one as (M(g)F)//G ^H Hence α(g)l P (g)lr is one-to-one. The result follows since B P §Z)T = B P.
(4) φ (3) Consider the natural epimorphism 77: A P* 0 F-> Λ T. Since A # = Ker rj G 5Γ F W e have, for all N G «", N 0 K = N (g) ίί/ΓX s N0A/Γ0JK: = O. We conclude Tor,(N, Γ) = 0 since A P*®P is flat [10, Theorem 2.3] .
A hereditary torsion theory (3~, SF) C Λ Jί is said to be perfect provided every left A<^-module (where Aj is the left ring of quotients with respect to 3~) is torsionfree viewed as an A-module. Equivalently by [6, §4] 
is an ascending chain of left ideals whose union is in f(!T), then I k E/(5") for some k). In view of Theorem 2.1 it would be interesting to characterize when f(SΓ F ) is S^-noetherian via a condition on B P.
(2) // B JVi C B N 2 C 15 an ascending chain of submodules of B P whose union is P, then N k -P for some k.
(3) Hom( β P, -) commutes with direct sums.
Proof. By [6, Theorem 4.4 ] (1) is equivalent to the localization functor Lor F commuting with direct sums. The equivalence of (1) and (3) follows by the same reasons listed in the proof of (2) => (4) of Theorem 2.1.
(1) φ (2) Let N λ C N 2 C be an ascending chain of submodules of B P whose union is P. Since P = Hom(P*,A) we have that A P*N ι C AP*N 2 C
is an ascending chain of left ideals of A where P*JV, = {Σzg|zEP*, gEN,}. Now Γ=P*P = P*(UN i )C UP*N t , and thus UP*N ι Ef(ZΓ F ).
So P*N k ef(SΓ F ) for some fc; i.e., P*N k = T.
(2) => (1) Let I λ C / 2 C be an ascending chain of left ideals of Λ whose union is in f(2Γ F )' Then P/! C P/ 2 C is an ascending chain of submodules of β P. Since P = PT C P( U /,) C U PI, we have that P/ fc = P for some it. Thus I k G /(5» as P (g) A// k = P/P/ fc = 0.
For the TTF class ?Γ F various other torsion theoretic chain conditions can be characterized via conditions on B P. For a hereditary torsion class 2Γ with torsion radical t (see [14] ), a module X is said to be ί-noetherian (ί-artinian) provided X has ACC (DCC) on closed submodules. M is a closed submodule of X provided X/M E 3P. The following theorem is essentially [10, Theorem 3.3] . THEOREM 
Let (% Si, &) C A M be a TTF theory with T= c(A). For A X there is a one-to-one inclusion preserving correspondence between the submodules of X belonging to % and the closed submodules of X given by Y-^(Y: T) x = {x E X | Tx C Y). The inverse correspondence is given by M->TM. Proof In view of [10, Theorem 3.3] we must show that X/M E & (i.e., T(x + M) = 0 implies x E M) if and only if (TM: T) x C M (the reverse inclusion is always true). This follows since (using the idempotence of T) T(x + M) = 0 if and only if x E (TM: T) x .

COROLLARY 2.4. For P A finitely generated projective (1) A A is t F -artinian {t F -no ether ian) if and only if B P is artinian (noetherian). (2) If A A is t F -artinian (ί F -noetherian) then B B is artinian (noetherian). FINITELY GENERATED PROJECTIVE MODULES AND TTF CLASSES
(3) // A A is t F -artinian and A T is finitely generated then A A is t F -noetherian.
REMARKS, (i) Statements (1) and (2) provide a slight generalization of [13, Proposition 2.3] .
(ii) For a hereditary torsion class SΓ C A M, Manocha [9, Corollary 6.15] has shown that A A being ί-artinian implies A A is ί-noetherian provided if is perfect. In our special case (3), we require only that f{3~F) contain a cofinal family of finitely generated left ideals.
Proof. The corollary follows easily by [13, Theorem 2.2] and Theorem 2.3. In (2) since Λ P* is finitely generated we have that Λ P* is ί F -artinian (ί F -noetherian) [9] . In (3) B P is finitely generated as A T is. Thus B P is noetherian by (2) ; and (3) follows by (1) .
We now turn our attention to ίΓ F -gl.dim.A ^ 1 and its dual. First, we need the following definition.
DEFINITION. We say that a hereditary torsion class 9~ C A M has weak stability if given any injective module A M we have that M/t(M) is if-injective.
Note that if a hereditary torsion class 9~ is stable then SΓ has weak stability as every injective module splits. The following theorem provides some characterizations of weak stability. (1) 3~ has weak stability. (4) through (6) imply that A<? = End( Λ T).
(2) For any SΓ-injective module Λ M, M/t(M) is 3~-injective. (3) R 2 r(X) = 0 for allXESΓ. Furthermore, if SΓ is a TTF class with T the smallest element in f(&) then each of (1) through (3) are equivalent to any of the following. (4) A T is SΓ-projective. (5) For any 3~ -projective module A U, TU is SF -projective. (6) For any projective module A U, TU is 2/~-projective. Finally, any of statements
REMARKS, (i) If the hereditary torsion class 5" has weak stability the localization functor is given by L^( Λ M) = lim /G/(^) Hom(/, M). This generalizes [14, Proposition 7.7] . The proof is identical to that given in [14] letting E represent the ^-injective envelope of t{M) (instead of the injective envelope). One easily checks that Si has weak stability if and only if Ext 2 (A //, X) = 0 for all / E f(9~) and for every torsion ^-injective module X.
(ii) J having weak stability implies that if N E SP is the homomorphic image of a 5"-injective then N is the homomorphic image of a torsionfree ^-injective. This situation also occurs when A E 9*. In [3, Theorem 2.1] 
it is observed for & a TTF class that Aj = End(T/t(T)). Hence if A E & then A? = End( Λ Γ).
Proof. (1) (2) φ (1) is trivial. Now let Si be a TTF class. That (5) φ (6) is trivial, and (6) φ (4) follows since ΓΛ = T. The equivalence of (3) and (4) Finally, since 9~ is TTF, A? = Hom(T, A/t(A)) (see [3] ). However, Hom(T,Λ/ί(Λ)) = Hom(T,Λ) = Hom(T, T) where the first isomorphism follows by (4) and the second by the fact that Hom(T, AIT) = 0. Therefore, Λ^ = End( A T). COROLLARY 2.6. For P A finitely generated projective the following are equivalent.
(1) 2Γ F has weak stability.
(2) 3~H has weak stability.
Proof We prove only (1) <=> (3) as the equivalence of (2) and (3) follows by symmetry.
(1) φ (3) A K = Ker η is a direct summand of A P*(&P as A T iŝ -projective. Therefore, K E^pΠ 3~F, which implies K = 0.
(3) φ (1) Since B JB is a generator there is an exact sequence Statement (2) says that any torsionfree homomorphic image of a ^-injective module is if-injective. The equivalence of (1) and (2) is true for any hereditary torsion theory and is due to C. Megibben (see [16, Remark ii] ).
Proof. The equivalence of (1) and (3) follows by Corollary 1.4. The equivalence of (2) and (3) follows by Theorem 2.1 (3) (with its preceding remark) and Theorem 2.5 (4) . That (4) implies (3) is trivial.
(3) Φ (5) Let X E 3~ be 5~-projective. As in the proof of (4) Proof. By Corollary 2.6 and Lemma 1.1*, 2Γ H has weak stability if and only if Tor^M, T) = 0 for all M E 3^. This fact and Theorems 2.1* and 2.5 yield the equivalence of (1) through (3) . That (4) is equivalent to (5) is easy.
(3) <£> (4) Both (3) and (4) (3) and (4) now follows by [12, Lemma 1.3] .
In view of Theorems 2.7 and 2.1 we have that ZΓ F -gl.dim.A = 1 if and only if h.d. B P = 0 and ?Γ F has weak stability. We conclude this paper with a generalization of this result to higher dimensions, plus give the dual result. THEOREM 2.9. Let P A be finitely generated projectiυe. Let n ^ 1 and suppose that R ^(X) = 0 for all X G & F , 2 ^ k ^ n + 1. Then the following are equiυalent.
(1) SΓ F -gl.dim.Λ ^ n + 1.
(2) h.d. B P ^ n and R Ϋ F \X) = 0 for all X E SΓ F .
Proof. By Lemmas 1.3 and 1.1* we have that A T E ^(AP*). Thus there is an exact sequence
where each X h 0 ^ / ^ n, is a direct sum of copies of Λ P*. Tensoring with P Λ yields the exact sequence where each P 0 X f is isomorphic to a direct sum of copies of B B. Set (1) φ (2) By Corollary 1.4 h.d. Λ^= t, and thus A K is projective. Hence X is a direct summand of X n which implies that B P 0 K = Ker(l 0 d n _0 is projective. Therefore, h.d. B P ^ n as β P 0 Γ = β P (2) Φ (1) B P 0 iί is projective as h.d. β P ^ n. One easily checks that P* 0 P 0 K is projective. Since K = Im d n E ^i( A P*) there is a natural Λ-epimorphism η κ : P* ξξ) P ® K -> K given by (/ 0 p 0 fe)τ?κ = /(/?)fc where / E P*, p E P, and fc E K (see [10] ). Note that N = Ker τ/ κ E SΓ F Λ
